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A CHARACTERIZATION OF THE INVARIANT MEASURES FOR AN

INFINITE PARTICLE SYSTEM WITH INTERACTIONS. II (')

BY

THOMAS M. LIGGETT

ABSTRACT. Let p(x,y) be the transition function for a symmetric, irreducible Markov

chain on the countable set S. Let ij(z) be the infinite particle system on S with the simple

exclusion interaction and one-particle motion determined by p. The present author and

Spitzer have determined all of the invariant measures of i)(z), and have obtained ergodic

theorems for ?)(/), under two different sets of assumptions. In this paper, these problems are

solved in the remaining case.

1. Introduction. Let p(x,y) be the transition probabilities for an irreducible

Markov chain on the countable set S. Assume that p(x,y) = p(y, x) for x, y E S.

Consider the infinite particle system -n(t) with the simple exclusion interaction

introduced by Spitzer in [5]. This is a strong Markov process with state space

X = (0,1}S which describes the random motion of infinitely many particles on

S. Each point tj E X determines a possible configuration of particles on S: for

x E S, tj(x) = 1 means that x is occupied, and tj(x) = 0 that x is vacant. The

basic motion of each particle is that of a continuous time Markov chain on S

with transition probabilities p(x,y) and holding times which are exponentially

distributed with parameter one. Superimposed upon this motion is the interaction

of simple exclusion, which prevents a particle from making a transition to an

occupied site. With this interaction, the motion of each individual particle ceases

to be Markovian.

The existence of tj(/) as a strong Markov process on X which behaves

according to this intuitive prescription was proved in [4]. In [3] and [6], some

basic ergodic properties of 77(f) were studied under two different sets of assumptions

on p(-, ■). This paper is devoted to the investigation of the same ergodic problems

in the case not covered by these two papers.

Using the notation of [3], let Û be the set of all probability measures on X

which are invariant for the process r¡(t), and let ße be the set of extreme points of

a. Put

cM = {<*(•) on 5 | 0 < a(x) < 1, and 2 Áx,y)a(y) = a(x)   for   x E s\.

The following result characterizes üe in terms of <=#.
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Theorem 1.1. Assume that p(x,y) is the transition function for a symmetric,

irreducible Markov chain on S. Then for each a G cH, there exists a unique ¡ia G ¿f,

such that

PÀV \v(x) = O = a(x)

for x G S. Furthermore, Ot = {/i0 | a G ¿M\ If a is constant, then p.0 is a product

measure on X.

In particular, if cH consists only of constants, then Û is exactly the class of

symmetric probability measures on X, whose extreme points are the product

measures /jp, 0 < p < 1. This occurs, for example, if p is recurrent, or if S is an

Abelian group and p is translation invariant.

Three separate cases arise in the proof of Theorem 1.1. In order to describe

this, it is convenient to introduce, for n > 2, the discrete time Markov chain X(k)

on S" which has transition operator U„ given by

Unh(x) = E?h(X(l))

1   "
= - 2 ^piXi,u)h(xx,...,xHX,u,x,+x,...,xn).

n ,_i „

According to this process, n particles move on S in such a way that at each time,

one of the particles is chosen, with probability \/n each, and then it moves to a

new site with probabilities determined by p(-, •). Let

Tn = {x G S" I x, * Xj   for i #/},

fn(x) = P?(X(k)G Tnc   for some k > 1)

for x G S", and define Ar=number of k > 1 for which X(k) G Tnc. Then we

have

Case I. E*(N) < °° for aU * G S"  and n > 2.

Case II. E*JN) = °°, but P*(N < °°) = 1   for all i? e S"  and n > 2.

Case III. I*(N = °°) = 1   for aU 3? G S"  and n > 2.

As will be seen in §2, these three cases exhaust all possibilities. It follows from

Lemma 3.1 of [3] that Case I occurs if and only if pi; •) is transient, and therefore

cM consists only of constants in Cases II and HI. Furthermore, as will be proved

in §2, Case HI occurs if and only if f„(x) = 1 for all x G S" and all n > 2. It

was noted in [6] that if S is an Abelian group and p(x,y) = p(0,y — x), then Case

II does not occur, and therefore Cases I and III correspond exactly to the

transience and recurrence of p(-, •) respectively.

The proof of Theorem 1.1 in Case III is due to Spitzer [6], and in Case I to the

present author [3]. The proof in Case II will be presented in §3 of this paper. It

will be noted that in all three cases, the proof is obtained by reducing it to a

problem concerning the behavior of a finite number of interacting particles.

Cases I and II are similar in that a comparison is then made between the
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interacting and noninteracting finite particle systems. In Case III, on the other

hand, the interacting finite particle system is treated directly.

Once all of the invariant measures of r¡(t) have been found, a problem which

arises naturally is to determine conditions under which convergence to equilibri-

um occurs. Let S(t) be the semigroup corresponding to the process tj(/). The

problem is then to find

{w on X | S(t)n -» ¡ia as t -* 00}

for each a E <=¥. In order to give its solution, put

P,(x,y) = e- £ £>>(x,.y),

where p^(x,y) are the k-step transition probabilities for the Markov chain on S

which has transition function p(x,y).

Theorem 1.2. In addition to the assumptions of Theorem 1.1, suppose that Case I

or Case II holds, that ¡i is a probability measure on X, and that aE4 Then

S(t)n -* na weakly as t -* 00 if and only if

(1.3) Hp,(x,y)bi(y)-oL(y)]^o
y

in probability with respect to fias t —> 00 for each x E S.

This theorem was proved in Case I in [3], and will be proved in Case II in §3

of this paper. A somewhat different necessary and sufficient condition for the

convergence of S(t)n to pa in Case III is given by Spitzer in [6]. However, it is

shown there that condition (1.3) is sufficient in this case.

§2 of this paper is devoted to proving preliminary results about finite particle

systems, which will be needed in §3 for the proofs of Theorems 1.1 and 1.2 in Case

II. In §4, a class of examples is constructed to show that Case II in fact does

occur.

2. The finite particle system. We begin by verifying some of the observations

made in § 1 concerning the three cases.

Lemma 2.1. Fix n > 2.

(a)7//„(x) < 1 for some x E Tn, thenfn(x) < 1 for all x E Tn.

(b) If P*(N < 00) = 1 for some x E S", then P?(N < 00) = 1 for all

x e S\

(c) IfEA(N) < 00 for some x E S", then E?(N) < 00 for all x E S".

(d) For x E Tn, fn(x) < 1 // and only if P*(N < 00) = 1. In this case,

Mm*-. U„kfn = 0.

Proof. In order to prove (a), it is necessary to show that for x, y E Tn,

Pl(3k for which X(k) E p(y) and X(i) E TnVi < k) > 0



204 T. M. LIGGETT

where p(y ) is the set of all points in T„ obtained by permuting the coordinates of—* —► —*
y. It suffices to show this in case x and y differ in only one coordinate, say

Xj = y i for 2 < i < n. Since p(-, ■) is irreducible, there is a sequence of distinct

points zx,..., zm G S different from xx andyx so that

p(xx,zx)p(zx,z2) ■ • ■ pizm-x,zm)p(zm,yx) > 0.

By reordering x2, ..., x„, we may assume that Z]C.= x2, ...,zk¡ = x¡ where

k2 < • • • < k,, and that xl+x, ..., xn do not appear in the set {zx,..., zm). Then

beginning at x, the process X(k) can reach (x2,...,x,,.y,,x,+|,.. .,x„) with

positive probability without passing through Tnc. The proofs of (b) and (c) are

similar, although simpler. To prove (d), note that from

(2-2) PÏ(N = oo) = Hm U„kfn(x),
n-»oo

it follows that if f„ = 1, then P*(tV < oo) = 0. On the other hand, if fn(x) < 1,

then P*(N < oo) > 0. To show that P*(N < oo) = 1, consider two cases. If

p(; •) is transient, then E*(N) < oo, so the result follows. If p(-, •) is recurrent

then <Jf consists only of constants, and therefore the only bounded solutions of

Unh = h are constants by Lemma 3.14 of [3]. Therefore P*(N < oo) = 1 by

Proposition 5.19 of [2]. The final statement now follows from (2.2).

As in [3], it is convenient to define a Markov chain Y(k) on S" for n > 2 which

describes n particles moving with the simple exclusion interaction on S. It has

transition operator Vn given by

Vnh(x) = EH(Y(1)) = l-\i 2 pixi,xj)\h(x)

1   "
+ n 2     2    P(x¡,u)h(xx,x2,...,x,_x,u,xi+x,...,xn)

1=1   u^Xj-J^i

if x G T„, and Vnh(x) = h(x) otherwise.

The remainder of this section has as its aim the proof that in Case II,

(2.3) Hm VH"Mx) = 0

for x G T„. We will give two different proofs of this result. The first one is based

exclusively on the process Y(k), while the second one depends on a comparison

of the processes Y(k) and X(k). This latter proof also applies to Case I, although

in that case, (2.3) follows from Theorem 3.6 of [3]. Of course, (2.3) does not hold

in Case III, since/, = 1. It is essentially this fact that distinguishes Cases I and

II from Case III.

Lemma 2.4. Assume that f2(x) < 1 for x G S2. Then for each x G S,

\imy^x f2(x,y) = 0.
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Proof. Since P*(N < oo) = 1 for x e S2 by Lemma 2.1,

/,(*) =  2 Ex[(l -f2(X(k))),X(k) E T2C]
k-l

= 2 2 [l-f2(u,u)]P*(X(k) -(«,«))
(2.5) *"' "

= 2[i-/2(».«)] 2 wjCV)^^'^^'^
u i,j=0 z.   * \     I     /

-[l-/2(x„x2)]/>«»(x„x2).

Let J be the set of all functions ß(i, u) on Z+ X 5 (Z+ is the set of nonnegative

integers) which have finite support. For ß,yEJ, define

(ß,y)= 2 fi-/2(«,")] 2 Jïj(i+;J)fi(i,u)y(j,u).
ueS ij=0 z.   ' \     <     /

That this is an inner product follows from the fact that the matrix with entries

( i ) is positive definite. This, in turn, follows from

Let 77 be the Hubert space obtained by completing / with respect to the above

defined inner product. For x E S, define ßx by ßxii,u) = ¡fi'(x, u). Then by

(2.5), ßx E 77, ||/y = 1 for x E S, and (ßx,ßy) = f2(x,y) for x'¥>y. But J is

dense in 77, and limJ,_00(y,/3),) = 0 for each y E J. So, since {ßx} are uniformly

bounded in norm, ßy -* 0 weakly as>> -» oo. Therefore lxmy_x(ßx,ßy) = 0 for

each x, and the proof is complete.

The following result was suggested by C. Stone.

Lemma 2.6. Assume that p(-, •) is recurrent. Fix z E S and define C = [x E T2\

X| = z   or x2 = z). Then P*(Y(k) E C for infinitely many k) = 1 for x E T2.

Proof. Consider the Markov chain Z(k) on T2 which has transition operator W

given by

WhÇx) - El(h(Z(\))) = h p(xx,u)h(u,x2)

+ 5 2 p(x2,u)h(xx,u) + ~p(xx,x2)[h(x2,xx) + h(xx,x2)].
* u¥,xx z.

Then each coordinate of Z(k) is Markovian and has transition probabilities

2[p^(x,y) + p(x,y)], although of course the two coordinates are not independ-

ent. Therefore, since //(-, •) is recurrent,

P*(Zx(k) = z for infinitely many k) = 1
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for x G T2. However, for symmetric functions h, Wh = V2h, so since C is a

symmetric set,

P*(Y(k) G C for infinitely many k) = 1

for x GT2.

The next result is the key to one of our proofs of (2.3). For another application,

see [6]. Define the continuous time analogues t/„' and Vn' of U„ and Vn respectively

by

U:h(x) = e-«Í^-U¿h(x)
k-0   *!

o _,

= _2   U P,ixj,yj)h(y),
yes"j-l

and

*=0

Lemma 2.7. Let h(x,y) be a bounded, symmetric function on S2 which is positive

definite in the sense that 3jx,y yix)yiy)h(x,y) > 0 whenever 2* Iy(x)| < oo. Then

V2'h < U'2h on T2.

Proof. For / > 0, U2h is positive definite since

2 yix)yiy)Wh(x,y) = 2 ßix)ß(y)h(x,y)
x,y x,y

where ß(x) = 2« YÍu)p.iu>x). Therefore,

2Uih(x,y) < Uih(x,x) + U'2h(y,y)

for all x, y G S, and hence V2U2h< U2 U2h on T2. The desired conclusion then

follows from the relation

VÍ - V2' = X' V2<-*(U2 - V2)Uids

and the fact that V2 maps functions which are nonnegative on T2 into functions

which are nonnegative on T2.

Lemma 2.8. In Case II, Hm*..,«, V2kf2(x) = Ofor x G T2.

First proof. By conditioning on the value of X(Y), we obtain the relation

fiix) =pixx,x2) + ~ 2 Áx\,v)f2(u,x2) A- x 2 Áx2,u)f2(xx,ü).

Therefore
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(2.9) f2(x) - V2f2(x) = pix„x2)[l -/2(x)] > 0

for x E T2, and hence f2(Y(k)) is a supermartingale. Since f2 is bounded,

\\mk_xf2(Y(k)) exists with probability one. Now Y(k) is transient, since other-

wise f2 would be constant on T2, and this is impossible by Lemma 2.1. Therefore,

by Lemmas 2.4 and 2.6,

lim f2(Y(k)) = 0
*-»<»

with probability one. Since the limit exists, it follows that \imk^ac,f2(Y(k)) = 0

with probability one. The required conclusion then follows from the bounded

convergence theorem.

Second proof. Using the notation in the proof of Lemma 2.4, define h(x,y)

= (ßx,ßy) for x,yES. Then h is positive definite, so V2'h < U2h on T, by

Lemma 2.7. But U2h -* 0 as / -» oo by part (d) of Lemma 2.1 and the fact that

YLTñ,^,xp,(x,y) = 0 for x, y E S, since f2 = h on T2. Therefore V2'f2 -» 0 on T2.

The required conclusion then follows from the fact that V2f2 is monotonie in k

(see (2.9)).

The next result is useful in reducing problems concerning the interacting «-

particle system to ones concerning the interacting 2-particle system. Define a

transformation An from symmetric functions h on T2 to symmetric functions on T„

by

An h(xx,..., xn) =     2     h(x¡, Xj).
l<i#/<Z!

Lemma 2.10. For k > 1,

(2.11) «TA-^á (î)(i)'0 - i)^1?--

Proof. Fix / ¥=j, and put g(x,,.. .,x„) = h(x¡,Xj), where A is a symmetric

function on T2. Then

V„g(x) = (1 - 2/n)h(xi,xJ) + (2/n)V2h(xhXj)

7(x„xk)[h(xk,Xj) - h(x¡,Xj

+ p(Xj,xk)[h(xk,x¡) - h(x¡,Xj)]].

--2  [Áx¡,xk)[h(xk,Xj) - h(x¡,Xj)]
" k+ij

Therefore

VnA„h(x) = (1 - 2/n)Anh + (2/n)A„V2h,

since "2, p(xj,xk)[h(xk,Xj) — /z(x,,x,)] = 0, where the sum is taken over all

distinct /,/, k. This gives (2.11) for k = 1. The general result now follows easily

by induction on k.
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Lemma 2.12. For n > 2 and x G Tn,

(2.13) (\/n(n - l))A„f2(x) < /„(x) < \Anf2(x).

Proof. For 1 </#/</!,

Mx„Xj) = P*(A,(A:) = Xj(k) for some A: > 1) < /„(x),

and the first inequality in (2.13) follows by summing on i and/. On the other

hand,

fn(x) <     2     P'iXiik) = X,(k) for some k > 1)
1 <i<j<o

=     2    A(*,J&) - M«/2(*).
\<i<j<o

Remark. It follows from this lemma that the condition /,(■*) < 1 on T„ is

independent of n for m > 2. To see this, if f2 = 1, then f„ = 1 by the first

inequality in (2.13). On the other hand, if f2 < 1, then HmK_00/2(x,.y) = 0 for

each x G S by Lemma 2.4, and therefore / < 1 by the second inequality in

(2.13).

Lemma 2.14. In Case II, Hm^«, V„kf„(x) = Ofor n>2 andx G Tn.

Proof. By Lemma 2.12, it suffices to prove that

(2.15) hm ^n/2(x) = 0
*-*00

for x S Tn. But by Lemma 2.10,

^A^ts) - â (î)(l)'0 -D^vaíí).
So (2.15) follows from Lemma 2.8.

Finally, we collect the results which will be needed in the next section.

Theorem 2.16. In Case II,

(a) |rç*g(x) - í/„*g(x)| < f„ix)for x G T„, n > 2, k > 1, andO < g < 1.

(b) lim^x V„kfn(x) = Ofor x G Tn and n > 2.

(c) Hm*.,« Ukfn(x) = Ofor x G S" and n > 2.

Proof. Parts (b) and (c) come from Lemmas 2.14 and 2.1 respectively. Part (a)

is a consequence of the fact that X(k) and Y(k) behave identically if X(k) never

hits Tnc.

3. The infinite particle system. This section is devoted to the proofs of

Theorems 1.1 and 1.2 in Case II, and we assume throughout the section that this

case holds. The basic tool which connects the results in §2 concerning finite

particle systems with the desired properties of the corresponding infinite particle
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system tj(í) is the following lemma due to Spitzer [5]. In order to state it, define

operators Bn from the space of probability measures on X to the space of

functions on S" by

B„n(xx,...,x„) = /j{ti G X | ij(x,) = 1 for 1 < i < n).

Lemma 3.1 (Spitzer). BaS(t) = Vn'B„ on Tn.

Proof of Theorem 1.1. Since p(-, •) is recurrent in Case II, <=H consists only of

constants. Therefore, by de Finetti's theorem, it suffices to prove that for a

probability measure ft on A', S(t)¡i = ¡i for all t > 0 if and only if ¡x is a

symmetric measure; in other words, if and only if Bnp,(x) is independent of

x G Tn for each n > 1. By Lemma 3.1, S(i)|t = ft for all / > 0 if and only if

Vn'B„n = B„n for all t > 0 and each n > 1. However, Vn'h = h for all t > 0 if

and only if Vnh = h, since Vn' = txp[nt(Vn — 7)]. So it is enough to show that for

0 < h < \, V„h = h implies that h is constant on T„. For n = 1, this is true

because Vx = Ux andp(-, •) is recurrent. For n > 2, it follows from Theorem 2.16,

since if Vnh = h and 0 < h < 1,

(3.2) \h-Ukh\<fn,

and therefore \Ujh - Uk+ih\ < U¿f„, so lim^M Ukh = g exists. Since U„g = g

and 0 < g < 1, g is constant in x by Lemma 3.14 of [3] and the fact that <=¥

consists only of constants. So \h — g\ <fnby (3.2), and since Vng = g, it follows

that \h — g\ < Vkfn for all k. A final application of Theorem 2.16 gives h = g,

and hence that h is constant in x.

Proof of Theorem 1.2. Since <=# consists only of constants in Case II, it suffices

to prove that if p G [0,1] is constant, S(t)¡x —» p» weakly as t -* oo if and only if

U¿Bnp -» p" as t -* oo for n > 1. By Lemma 3.1, S(t)n -> /tp if and only if

Vn' Bnrt -* p" on T, as t -* oo for n > 1. So, it remains to be shown that if

0 < h(x) < 1 for x G S" and y is a constant, then U'h -* y on S" if and only

if Vn'h —> y on 7¿. But this follows easily from Theorem 2.16 as in the proof of

Lemma 5.1 of [3].

4. Examples. This section is devoted to showing that Case II does in fact

occur—that is, that there exists a symmetric, irreducible, recurrent Markov chain

for which f2 < 1. It will be shown, in fact, that any symmetric, irreducible

recurrent Markov chain which has the property that the corresponding two

particle motion is transient can be modified in a natural way in order to obtain

an example of Case II. In order to do this, we need the following result, whose

proof was suggested by C. Stone.

Lemma 4.1. If ßn > 0 and ßn -» 0, then there exists a symmetric irreducible

random walk W(n) on Z1 so that W(0) = 0,
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2 P(W(n) = 0) = oo    and    2 ßnP(W(n) = 0)< oo.
Zl-l Zl-1

Proof. Define inductively a sequence of symmetric, irreducible, transient

random walks Wk(n) on Z1 (i.e., sums of independent, identically distributed

random variables), and an increasing sequence of integers Nk in the following

way. Let W°(n) be any symmetric, irreducible, transient random walk on Z1, and

N0 = 0. Put

A = 2 P(W°(n) = 0).
»i-i

Now choose Nx so large that

(i) ß„ < i\ for all n > Nx, and

(n) 2.1, P(W°(n) = 0) > ¿/2.
Next modify the random walk W°(n) to get W](n) in such a way that

(iii) A/2 < 2&i P(W>(«) = 0)< /I, and
(iv)2„%+,/J(^,(") = 0) = A

The distribution of Wl(l) can be obtained from that of W°(l) by symmetrically

moving some of the mass in towards the origin in the following way. Let

p(x) = P(W°(l) = x) for x E Z1, and choose x0 so that if q(x) is any probabil-

ity distribution on Z1 so thatp(x) = q(x) for |x| < x0, then A/2 < 2„1i <7(n)(0)

< A. Define px(x) for 0 < a < 1 by

P\(x) = Áx) if       |x| < x0,

= p(x0) + X 2 /M       if       \x\ = x0,

= (1-X)p(x) if       |x|>x0.

Then 2zf=zv,+i P^i®) is continuous in X for 0 < X < 1, is less than A/2 for X = 0

by (ii), and tends to infinity as X tends to one since the random walk with

transition probabilities px (y — x) is recurrent. Therefore for some X, 0 < X < 1,

2zf=.zv1+iPln)(0) = A, and Wl(n) can be taken to be the random walk with

transition probabilities px(y — x).

In general, if Nk_x and W7*"^«) have already been chosen, choose Nk so large

that

(i) ßn < 2"* for all n > Nk, and

(ii)2^.1+,i>(^-1W = 0)>^/2.
Then modify the random walk Wk~l(n) to get Wk(n) in such a way that

(iii) A/2 < 2&H ,+i PiWkin) = 0)< A for 1 < i < k, and

(iv) 2r~iv4+i P(W«(n) = 0)=A.
If the modifications are always made by symmetrically moving some of the mass

in towards the origin, then the limit W(n) of Wk(n) exists in distribution as

k -* oo. Then W(n) is a symmetric, irreducible random walk on Z1 which satisfies



INVARIANT MEASURES FOR INFINITE PARTICLE SYSTEMS 211

4 <       2       P(W(n) = 0)<A
¿ n-N,_,+X

for all / > 1. Therefore

2 P(W(n) = 0) = 2     2     P(W(n) = 0) = oo,
Zl-l Í-1   Z1-ZV,_, + 1

and

2 ß„P(W(n) = 0) < 2 ¿T     2     P(W(n) = 0) < 2,4 < oo.
zi-l i=X z\      n=Ni.¡+X

Construction of the example. Let p(x,y) be the transition probabilities for a

symmetric, irreducible, recurrent Markov chain on the countable set 5 which has

the following additional properties:

(a) There is an x0 E S so that/7(xo.x0) > 0.

(b) For all x E S, x =£ x0, p(x, x) = 0.

(c) The Markov chain (X(k), Y(k)) on S2 with transition operator U2 (based

on p) is transient.

Define stopping times T, for the chain (X(k), Y(k)) by 2£ = 0 and

TM = mini* > T, \ X(k) = x0or Y(k) = x0}.

These are finite with probability one since p is recurrent. Let R¡ be the number

of k < T, for which X(k) = X(k - 1) and Y(k) = Y(k - 1), and put

ß„ = 2 P^o-^KR, = n,X(k) = Y(k) # x0for some k,T,<k< 7/+,).
i-o

Lemma 4.2. lim,,.,«, ß„ = 0.

Proof. Let g(x,y) = P^'(X(k) = Y(k) ¥= x0 for some k < 7^). Then by the

strong Markov property, the /th summand in the definition of ßn is equal to

EM[g(X(TÙ,Y(TA),R, = n\

Since (X(k), Y(k)) is transient and lim,,^ g(xQ,y) = 0,

(4.3) g(X(T), 7(7?)) -* 0

with probability one. Since Ri+X — R, = 0 or 1, an increasing sequence of

integers Nñ can be defined by R¡ = n if and only if Nn < I < .iVn+1. Let

7=1- jtXxo.Xq) < 1- Since /»***)($ = 0) < y for all z e S, P(Nn+x - Nn

>k)< y*"1 for k > 0. Therefore, £[(iVn+1 - JV. - m)+] < Ym-'/(l ~ y) for all

n, m > 0. Using (4.3) and 0 < g < 1, we obtain
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-TVl-1

Hm ß„ = Hm E<**¡>\  2   g(X(7¡), Y(T¡))~\

[N„+m -| vm-l vm-

2 *(*(#, TO) + f—; = r-/-7V. J     i - y     i -

Since this is true for each m, lim,,.,,» ß„ = 0.

Returning to the construction, let p(k) = P(W(Y) — k), where W(n) is the

random walk constructed in Lemma 4.1 corresponding to this sequence {/?„}.

Define a new Markov chain on 5 = S X Z1 with transition probabilities

Piix, i )> iyj )) = p{x,y) if i = /, and x ¥= x0 or y ¥= x0,

= p(xo,Xo)pj-i       if x = y = x0,

= 0 otherwise.

We will show that this Markov chain has the required properties. The symmetry,

irreducibility, and recurrence of the chain follow from the corresponding

properties of p(-, •) and {pk}. It remains to show that/2 < 1 for this chain. So, let

(X(k), Y(k)) be the Markov chain on S2 with transition operator ¿72 (based onp)

and initial state ((x0,0),(x0,0)). Note that (x\(k), Yx(k)) has the same distribu-

tion as (X(k), Y(k)), and that X2(T,) - f2(T,) has the same distribution as W(R,),

where the process W(n) is independent of the sequence R¡. The stopping times T¡

are defined by T0 = 0 and

fM = min{£ > T,\x\(k) - x0or fx(k) = x0}.

Then, since X2(k) = ^2(7;) and ?2(k) = f2(7;) for T, < k < TM,

2 Pi3k,f,< k < Tl+x,X(k) = Y(k),Xx(k) * *o)
/-o

= 2 PiW(n) = 0)A < oo.

So, by the Borel-Cantelli lemma,

P(X(k) = Y(k),Xx(k) ¥> x0 for oo many k) = 0.

But since the process (^Í(rc), í^(/¡:)) is transient,

P(X(k) - f(Jk),^,(A:) = x0 for oo many k) = 0

also, and thus/2 < 1 by part (d) of Lemma 2.1.

The author would like to thank H. Kesten for several helpful comments and

suggestions.
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